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Two conjectures about primitive roots are given. These conjectures are 
supported by empirical evidence obtained by using a digital computer. 
While performing some numerical investigations on the generation of 
primitive roots using a digital computer, we noticed several interesting 
phenomena. These phenomena led us to formulate the following conjec- 
tures: 
CONJECTURE I. For a prime integer p, dejine k(p) as the least index i such 
that the jirst i primes generate a primitive root module p. We conjecture 
that for a given p, the probability that k(p) < [logp] is almost (but not 
equal to) one. 
The value of k(p) has been computed for all p less than lo6 as well as for 
the primes p in a number of intervals of the form [n, n + 3 . 104] with 
n - 10s. These computations were done using a very efficient assembly 
language program on an IBM 7094. The running time needed to compute 
k(p) for p < 106, including the generation of the primes, was 20 minutes. 
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TABLE I 
k(P) > PXPI 
P 
___ 
3 
5 
7 
17 
23 
47 
71 
311 
479 
1559 
5711 
10559 
15791 
18191 
35279 
38639 
701399 
819719 
48473881 
175244281 
427733329 
898716289 
23616331489 
196265095009 
k(p) IWP 
1 1.10 
1 1.61 
2 1.95 
2 2.83 
3 3.14 
3 3.85 
4 4.26 
5 5.74 
6 6.17 
7 7.35 
8 8.65 
9 9.26 
9 9.67 
10 9.81 
10 10.47 
10 10.56 
13 13.46 
13 13.62 
19 17.69 
20 18.98 
22 19.87 
24 20.62 
28 23.88 
32 26.00 
As expected because of the Artin conjecture on primitive roots [3], k(p) is 
usually small (see Fig. 1). 
For all primes p < 106, k(p) < [log p] + 1; and we originally conjec- 
tured that this inequality must hold for all p. Recently, however, 
D. H. Lehmer, E. Lehmer and D. Shanks [2] using the Delay Line Sieve, 
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DLS- 127, to compute certain minimal pseudo-squares discovered several 
examples of prime pseudo-squares p for which k(p) exceeds [logp] + 1, 
the least example being p = 48473881. The known values of p for which 
k(p) > [logp] are listed in Table I. 
Prime pseudo squares can be defined in terms of a given odd prime q as 
the least prime NQ whose least quadratic nonresidue exceeds q. Lehmer, 
et. al. discovered six prime pseudo squares N, for which q exceeds the 
value of the [log N&h prime. These N* are the six largest entries listed 
in Table I. 
Upon examining the output of our programs, we also observed that it 
appears that the occurrence of a prime pi as a primitive root and the 
occurrence of a prime pj as a primitive root modulo a fixed prime p are not 
independent events. For example, the probability that 3 is a primitive root 
modulo p is significantly higher if 2 (or 5) is a primitive root modulop. 
. CONJECTURE II. Let f(x) be a polynomial of degree n in Z[x] and let t 
be a positive integer. Define R(f, t) as the number of times that for the 
primes 3 < p < t, f (x) is irreducible over the prime field of characteristic p 
and such that in the Galoisfield GF(p”) generated by the adjunction of a 
root 01 off(x) to the prime field, 01 is a generator of the multiplicative group 
of GF(pn). We conjecture that if f (x) d oes not represent a square, is not 
TABLE II 
f(x) = x2 + 5x + 7 f(x) = .a + 10x + 10 f(x) = x* + x + 2 
44 Nf 4 Nf, 4 Rcf, 4 
100 15 14 15 
200 31 33 26 
300 45 41 43 
400 58 60 55 
500 69 78 67 
600 82 94 85 
700 96 102 95 
800 114 114 110 
900 128 128 124 
loo0 146 143 144 
1100 160 162 155 
1200 171 170 170 
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reducible over Q, and if the norm of OL as a complex number is not +l, then 
lb,, R(f, t)/rr(t) is bounded away from zero. 
For n = 1, this is the well-known conjecture of Artin [l]. In the case 
n = 2, numerical evidence and a heuristic argument led us to conjecture 
that this limit is generally about 0.14 (see Table II). 
The computer program used to obtain the numerical evidence for this 
conjecture makes use of the fact that most digital computers are quite 
efficient in the handling of finite algebraic structures given in terms of 
generators and defining relations. 
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